In this paper, we consider finite element approximations for the nonlinear boundary value problem Au=bu z , based on piecewise linear polynomials, and discuss iterative methods associated with the finite element schemes. Error estimates are obtained, which imply that the approximate solutions converge uniformly to the exact solution. Finally, we give some numerical examples indicating the effectiveness of our results. § 1. Introduction
Over the last few years, the powerfulness of the finite element methods has become more widely recognized and they are applied not only to linear boundary value problems, but also to nonlinear boundary value problems. In this paper, we study the application of the finite element schemes to the nonlinear boundary value problem of the form Au = bu 2 in Q, u = g (x) on F.
Here Q is a bounded convex domain in the w-dimensional Euclidean space R" (n^2), its boundary F is piecewise smooth, A is the Laplace operator (A = Z?=i d 2 /dx 2 i), b is a positive constant, and a given function g(x) is smooth and non-negative. Such problems arise, for example, in gas dynamics and chemical reactions ([1] , [5] , [6] ), so that we are interested in obtaining non-negative solutions of (1.1). The uniqueness and existence of the non-negative solution of the above problem was established by Ablow and Perry [1] and Pohozaev [6] .
In the present paper, we concentrate on the finite element approximation for (1.1), based on piecewise linear polynomials, and present the iterative methods for solving algebraic nonlinear equations associated with the finite element schemes. Furthermore, error estimates for the approximate solutions are obtained. In particular, we establish uniform convergence of the finite element solutions to the exact solution of (1.1). Finally, some numerical examples are given to illustrate the effectiveness of our results.
For the approximate solution of (1.1) by the finite difference method, we refer to Greenspan [5] .
For the finite element method of the nonlinear eigenvalue problem Au + fiu -f(x, H) = 0, we refer to Mizutani [10] .
Throughout this paper, C, C l9 C 2 ,... denote generic positive constants, independent of the discretization parameter, which are not necessarily the same at each occurrence. 9 Pohozaev [6] showed the existence and uniqueness of the non-negative solution of (1.1), applying the maximum principle and Newton's method. Its solution is the limit function of the following sequence {u m }:
on F, for w = l, 2, 3,.... Here u 0 is a solution such that in Q 9 on F. Now, in order to construct the finite element approximations, we introduce a variational form for (1.1) in such a way that:
It is noted that this solution is the limit function of the following sequence {u m }: In this section, the finite element schemes are presented. First, we triangulate the polyhedral domain Q as follows :
where T k (k= 1, 2,..., J) are non-degenerate closed H-simplices whose interiors are pairwise disjoint. By P f , l^i^N, (or P f , IV+lgirgJV + M), we denote the vertices of the triangulation which belong to Q (or T). Put fc(r k ) = the diameter of T k , p(T fe ) = the supremum of the diameter of the inscribed sphere of T fc , h= max/i(T fe ), l^k^J 7c = the maximum perpendicular length of all the simplices T k (& = !,..., J). We say that a family &~h of triangulations is regular if there exists a positive constant c independent of the triangulation such that
For T k , let Pg = P I? Pf,...,P* be its vertices, and let /L^}(x) be the barycentric coordinate of x e T k with respect to P) (Og j^ri). Put <T Tfc = max {cos w with where <-, •> and | • | £ respectively denote the Euclidean scalar product and Euclidean norm in R n , and t denotes the transpose. Put
We say that a triangulation ^"* is of acute type if erg 0, and of strictly acute type if cr<0. It is noted that for n = 2, &~h is of acute type if and only if all the angles of the triangles of &" h are less than or equal to n/2 ([3], [4] ).
Further, we define the lumped mass region B(P t ) corresponding to the vertex P f with respect to &~h. The barycentric subdivision B\ of T k corresponding to P t is defined by 
Let L h and //, be the lumping operator and the interpolating operator, respectively given by
We now formulate the consistent scheme for (2.1) in the following way:
where and 6 is a parameter with (3.5) 0^-1.
It is assumed that the triangulation of the consistent scheme is regular and of strictly acute type, and in addition satisfies the condition
We note that the iterative method with 6= -1 is Newton's method. Similarly, we formulate the lumped scheme for (2.1) in the following way:
The corresponding iterative method is as follows :
where it is assumed that the triangulation of the lumped scheme is regular and of acute type. § 4. Convergence Results
In this section, we show the convergence of the iterative methods and derive error estimates for the finite element solutions. Consider a variational form of the linear boundary value problem :
Find weH^jQ) such that Now, in order to show the convergence of {u h>m } defined by (3.3) and (3.4) to the solution u h of (3.2), some lemmas are prepared. We first recall that the triangulation of the consistent scheme is regular and of strictly acute type and satisfies the condition (3.6). This completes the proof.
Lemma 2. // (3.2) has a non-negative solution u h , then the solution is unique and satisfies
We are now in a position to show that {u htm } is a monotonically decreasing sequence and converges to the solution u h of (3.2). Substracting (4.11) from (4.10),
Hence, we obtain -i}» »*)o, for all i?*eK*.
Thus, from (4.9), Lemma 3 and the discrete maximum principle, it follows that
Hence, (4.9) holds with m replaced by m + 1. By induction, the sequence {u ht , n } (m = 0, 1, 2,...) are non-negative and monotone decreasing. This implies the convergence of {u htm }. From (3.3), the limit function 3; fc = lim lll _ 00 M Ml satisfies
Thus, {u ht , n } converges to the unique solution u h of (3.2), by Lemma 2. This completes the proof.
Next, we shall derive an error estimate which asserts that the finite element solution u h of the consistent scheme (3.2) converges uniformly to the exact solution u of (2.1) as h tends to zero. We begin with the properties of the interpolating functions which are well known by Lemma 4 of [3] and the Sobolev imbedding theorem. We can now prove the following theorem. We note that the matrix associated with (4.14) is of non-negative type, from the property of strictly acute type, (3.6) and the facts that
It is also noted that by Lemma 4. Thus, applying Proposition 1 to (4.14) yields
\M\L-(Q)
Hence, using Lemma 4, we obtain where C is a positive constant independent of h. Thus, the proof is complete.
Moreover, we can show the following theorems for the lumped scheme under the hypothesis that the triangulation is regular and of acute type. Since these results are obtained by the same arguments as used for the consistent scheme, we omit the proofs. In this section, some numerical examples are presented to illustrate the effectiveness of the convergence results derived in the preceding section. We deal with the two-dimensional problem (n = 2). Let Q± and Q 2 be the equilateral triangular domain and the square domain of U 2 , respectively defined by l 9 0<x 2 <l}.
By F x and F 2 , we denote the boundaries of Q l and Q 2 , respectively. The examples are as follows :
The exact solution for Example 1 is u 1 (x l9 x 2 ) = 12/(x 1 + x 2 + 2) 2 , and the exact solution for Example 2 is w 2 (x ls X 2 ) = 12/(x 1 +x 2 + l) 2 . As shown in Figure 1 , Q± is divided into uniform mesh with equilateral triangles, which is of strictly acute type and satisfies the condition (3.6) (10, 28, 91 nodes). Also Q 2 is divided into uniform mesh with right isosceles triangles, which is of acute type (9, 25, 49, 81 nodes). The favorite choices for the parameter 9 are -1, -2, -3, -4, -5. The numerical convergence criterion for the iterative methods is employed in such a way that max <1CT Table 1 gives the comparative numbers of iterations to achieve our criterion for Example 1 with 28 nodes. These results indicate that the choice 6= -1 which corresponds to Newton's method is both practical and efficient. Figure 2 shows that {u htm } is a monotonically decreasing sequence for Example 1 with 91 nodes. Tables 2 and 3 show the finite element solutions, compared with the exact solutions. They demonstrate that the approximate solutions converge to the exact ones with the mesh size in good agreements with our theorems.
All the computations were carried out on the FACOM 230-28 computer at Ehime University, by using single-precision arithmetic. 
